Abstract. In this paper we study the local magnetic ray transform of symmetric tensor fields up to rank two on a Riemannian manifold of dimension ≥ 3 with boundary. In particular, we consider the magnetic ray transform of the combinations of tensors of different orders due to the nature of magnetic flows. We show that such magnetic ray transforms can be stably inverted, up to natural obstructions, near a strictly convex (with respect to magnetic geodesics) boundary point. Moreover, a global invertibility result follows on a compact Riemannian manifold with strictly convex boundary assuming that some global foliation condition is satisfied.
Introduction
Given a Riemannian manifold (M, g) and a magnetic field Ω, which is a closed 2-form, we consider the law of motion described by (1) ∇˙γγ = E(γ),
where ∇ is the Levi-Civita connection of g with the Christoffel symbols {Γ i jk } and E : T M → T M is the Lorentz force, which is the bundle map uniquely determined by Ω z (v, w) = E z (v), w for all z ∈ M and v, w ∈ T z M. A curve γ : R → M, satisfying (1) is called a magnetic geodesic. The flow on T M defined by φ t : t → (γ(t),γ(t)) is called a magnetic flow. One can check that the generator G µ of the magnetic flow is
∂v i is the generator of the geodesic flow. Note that time is not reversible on the magnetic geodesics, unless Ω = 0. When Ω = 0 we obtain the ordinary geodesic flow. We call the triple (M, g, Ω) a magnetic system.
From a dynamical system point of view, the magnetic flow is the Hamiltonian flow of H(v) = 1 2 |v| 2 g , v ∈ T M w.r.t. the symplectic form β = β 0 + π * Ω, where β 0 is the canonical symplectic form on T M and π : T M → M is the canonical projection. Thus the magnetic flow preserves the level sets of the Hamiltonian function H, i.e. every magnetic geodesic has constant speed. Throughout the paper we fix the energy level
), so we only consider the unit speed magnetic geodesics. Given a magnetic geodesic γ and a smooth function f on SM, the unit sphere bundle of M, the magnetic ray transform of f along γ is defined by If (γ) = f (γ(t),γ(t)) dt. 1 It is easy to check that the kernel of I contains elements of the following form {f (z, v) = G µ ψ(z, v) : ψ ∈ C ∞ (SM), ψ| ∂SM = 0}.
In applications one often considers ray transforms of f which corresponds to symmetric tensor fields, i.e. f (z, v) = f i 1 ···im (z)v i 1 · · · v im , denoted by I m f for nonnegative integers m. A basic inverse problem regarding the magnetic ray transform on a compact Riemannian manifold with boundary is to recover the tensor field f , up to natural obstructions, from If (γ) along all magnetic geodesics γ joining boundary points.
If Ω = 0, this reduces to the usual geodesic ray transform of tensor fields, known as the tensor tomography problem. In this case, the natural elements in the kernel of I m are of the form d s ψ where d s is the symmetric differentiation and ψ is a symmetric (m − 1)-tensor vanishing on the boundary. These natural elements of the kernel are called potential tensor fields. So the question is whether the whole kernel consists of purely potential tensors, and when this is the case we say that I m is s-injective (when m = 0, this just means injective). The problem is wide open on compact non-trapping manifolds with strictly convex boundary. Note that a compact manifold with boundary is non-trapping if every geodesic exits the manifold within a finite time.
More progresses are made on manifolds under the stronger assumption of being simple. A compact manifold with boundary is simple if it is simply connected, free of conjugate points and ∂M is strictly convex. It is known that I 0 [18, 19] and I 1 [2] are s-injective on simple manifolds with sharp stability estimates [36] . For I m , m ≥ 2 the tensor tomography problem on simple manifolds is still open in general, except the 2D case. I m is s-injective on simple surfaces for any m ≥ 2 [34, 21] . In higher dimensions, I m is s-injective for generic simple metrics including the analytic ones [37] and a sharp stability estimate holds [35] . The equivalence between the s-injectivity of I m and the surjectivity of its adjoint is known on simple manifolds [25] . See also the recent survey [22] and the references therein. For non-simple manifolds, there are studies under various assumptions [26, 31, 32, 33, 4] and possibly with conjugate points [39, 40, 17, 12] or trapped geodesics [8] . Reconstruction formulas and numerical implementations of the geodesic ray transform on surfaces can be found, e.g., in [27, 16, 9] .
For the magnetic ray transform, potential tensors might not stay in the kernel of I (except I 0 and I 1 ). Generally the natural elements in the kernel of the magnetic ray transform are combinations of tensors of different orders. For example, the magnetic ray transform of d s β − E(β) + dϕ = G µ (β + ϕ) always vanishes, where β is a 1-form and ϕ is a function on M, both vanishing on the boundary. In the current paper, we focus on the magnetic ray transform of tensor fields of orders up to 2. In particular, we are interested in the magnetic ray transform of tensor fields which are sums of 1-forms and symmetric 2-tensors. Note that for the geodesic ray transform, it is unnecessary to consider the combination of 1-forms and 2-tensors, since one can decouple the integral by the fact that geodesic flows are symmetric (or time reversible).
The tensor tomography problem is closely related to another well-known geometric inverse problem, namely the boundary rigidity problem, which is concerned with the recovery of a Riemannian metric on a compact smooth manifold with boundary from the length data of distance minimizing geodesics connecting boundary points. In particular, the linearization of the boundary rigidity problem is the geodesic ray transform of symmetric 2-tensors. It has been proved that simple surfaces are boundary rigid [28] , in higher dimensions generic simple manifolds are boundary rigid [37] including the analytic ones. See also recent surveys [3, 38, 44] and the references therein. There is also a boundary rigidity problem on magnetic systems [5] , whose linearization is exactly the magnetic ray transform of h + β, where h is a symmetric 2-tensor and β is a 1-form. This provides another motivation for considering such magnetic ray transforms.
A new approach to the tensor tomography problem on compact manifolds of dimension ≥ 3 with strictly convex boundary has been developed recently in [43, 42] under a global foliation assumption, based on corresponding local invertibility results. It was also applied to the boundary rigidity problem [41] through a pseudo-linearization argument. As a generalization, we study the local invertibility of the magnetic ray transform of tensor fields in the current paper. We ask the following question: can one recover f , up to natural obstructions, near a boundary point p from its integrals If along magnetic geodesics near p? By saying magnetic geodesics near p we mean that all magnetic geodesic segments that are completely contained in some small neighborhood O of p with end points on ∂M close to p, which we call O-local magnetic geodesics, denoted by M O . Of course, such a set might be empty if there is no additional geometric assumption of the boundary.
In order to state our main theorems in concrete terms, we describe briefly the setting for our problem. Let M be a compact Riemannian manifold with boundary. Let z ∈ ∂M, we say M is strictly magnetic convex (concave) at z if
for all v ∈ S z (∂M), where Λ is the second fundamental form of ∂M, ν(z) is the inward unit vector normal to ∂M at z. We can extend M to a larger open manifold M and denote the extended metric and magnetic field still by g and Ω. Obviously, magnetic geodesics γ on M can be uniquely extended to a magnetic geodesic on M, and we still denote it by γ. Then intuitively the strict magnetic convexity at z ∈ ∂M means that any magnetic geodesic γ which is tangent to the boundary ∂M at z will stay away from M except at z locally. Now let ρ ∈ C ∞ ( M ) be a boundary defining function of ∂M, so that ρ ≥ 0 on M. Suppose ∂M is strictly magnetic convex at p ∈ ∂M, then given a magnetic geodesic γ on M with γ(0) = p,γ(0) ∈ S p ∂M, one has
Similar to [43] we consider the functionx(z) = −ρ(z) − ǫ|z − p| 2 , where | · | can be taken as the Euclidean norm locally, for some small enough ǫ > 0, so thatx is strict magnetic concave from U c = {x > −c} ⊂ M for some sufficiently small c > 0. For the sake of simplicity, we drop the subscript c, i.e. U c = U, and O = U ∩ M with compact closure.
From now on, we assume that M is of dimension ≥ 3. We first consider a simpler case, namely f = β + ϕ, where β is a 1-form and ϕ is a function. In fact such magnetic ray transform is the linearization of the magnetic boundary rigidity problem in a fixed conformal class. Integrals of such tensors also appear in attenuated ray transforms [11, 30, 20, 24] . For magnetic systems, a similar weighted magnetic ray transform was considered in [46] for studying the magnetic lens rigidity problem in a fixed conformal class. Here we consider purely the integral of f , without extra weights. The global case was considered in [5] for simple systems. When f is just a function on M, i.e. β = 0, the local invertibility of I was studied by the author for even a general family of smooth curves, see the Appendix of [43] . 
Next we consider the local magnetic ray transform of f = h + β with h a symmetric 2-tensor and β a 1-form. As mentioned above, such ray transforms might find its applications in the boundary rigidity problem for magnetic systems. The global case was considered in [5] for simple magnetic systems satisfying some curvature assumption or real analytic magnetic systems, later on simple 2D magnetic systems [1] . 
Theorem 1.1 and 1.2 generalize the Helgason's type of support theorems for the tensor tomography problem of the geodesic flow in the real-analytic category [13, 14] and the smooth category [43, 42] to the magnetic case. Reconstruction formulas can also be derived in the spirit of [42, Theorem 4.15] .
As an immediate consequence and application of our local invertibility theorems, we consider the global s-injectivity of the magnetic ray transform on tensors. Given a compact Riemannian manifold (M, g) with smooth boundary and a magnetic field Ω, we say that M can be foliated by strictly magnetic convex hypersurfaces w.r.t. the magnetic system (M, g, Ω) if there exist a smooth function τ : M → R and a < b, such that M ⊂ {τ ≤ b}, the level set τ −1 (t) is strictly magnetic convex from {τ ≤ t} for any t ∈ (a, b], dτ is non-zero on these level sets and {τ ≤ a} has empty interior. Note that ∂M is not necessarily a level set of τ . Theorem 1.3. Let M be compact with smooth boundary and dimM ≥ 3, ∂M is strictly magnetic convex. Assume that M can be foliated by strictly magnetic convex hypersurfaces and the set {τ ≤ a} is non-trapping.
The proof of the global result is based on a layer stripping argument similar to that in [43, 42, 24] , combined with a regularity result of the solutions of some transport equation w.r.t. the magnetic flow on the unit sphere bundle. A global stability estimate can be derived in a similar way.
In the case of absence of magnetic fields, the foliation condition is an analogue of the Herglotz [10] and Wieckert & Zoeppritz [45] condition > 0 for radial symmetric metric c(r)e on a disk with e the Euclidean metric, see also [41, Section 6] . Examples of manifolds satisfying the foliation conditions are compact submanifolds of complete manifolds with positive curvature [7] , compact manifolds with non-negative sectional curvature [6] , and compact manifolds with no focal points [29] . Our foliation condition defined above is the corresponding version for magnetic systems. It implies the absence of trapped magnetic geodesics in {τ > a}, but allows the existence of conjugate points (w.r.t. the magnetic geodesics).
As mentioned above, the main difference of the magnetic tensor tomography problem comparing with the geodesic case is the coupling of tensors of different orders. Similar to [43, 42] , we introduce some localized version of I * I near p ∈ ∂M to fit into Melrose's scattering calculus [15] . However, in addition to the exponential conjugacy that appeared in the geodesic papers, we add an extra pair of conjugacy to address the issue from the coupling of tensors of different orders, see Section 2 and 3 for details. Another technical difficulty comes up during the decoupling of the effects from tensors of different orders when studying the ellipticity of the localized operator near the artificial boundarỹ x = −c. In particular, the nature of the magnetic flow appears in the symmetric 2-tensor case (Section 3.2), our algebraic argument for the ellipticity of the localized operator is different from [42] and it has potential applications to the boundary rigidity problem for magnetic systems and the invertibility of ray transforms along more general curves.
The paper is organized as follows: In Section 2, we define the localized operators and the proper gauges. Section 3 is devoted to the proof of the ellipticity of the localized operator, up to the gauges, which addresses the key technical issue of the paper. The proofs of Theorem 1.1 and 1.2 are given in Section 4. Finally, we give the proof of Theorem 1.3 in Section 5.
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The localized operators
For fixed small c > 0, let x =x + c, thus U = {x > 0} with the artificial boundary x = 0. As what has been done in [43] , one can complete x to a coordinate system (x, y) on a neighborhood of p, such that locally the metric is of the form g = dx 2 + h(x, y)
where h(x, y) is a metric on the level sets of x. For each point (x, y) we can parameterize magnetic geodesics through this point which are 'almost tangent' to level sets of x (these are the curves that we are interested in) by λ∂ x +ω∂ y ∈ T M , ω ∈ S n−2 and λ is relatively small. Given a magnetic geodesic γ x,y,λ,ω (t) = (x ′ (t), y ′ (t)) with γ x,y,λ,ω (0) = (x, y), we define α(x, y, λ, ω) =
In particular, α(x, y, 0, ω) > 0 for x small by the concavity of x. Furthermore, it was shown in [43] that there exist δ 0 > 0 small and C > 0 such that for |λ| ≤ C √ x (and |λ| < δ 0 ), x ′ (t) ≥ 0 for t ∈ (−δ 0 , δ 0 ), the magnetic geodesics remain in {x ≥ 0} at least for |t| < δ 0 , i.e. they are O-local magnetic geodesics for sufficiently small c. Note that [43] considers ordinary geodesics, but the settings work for general curves, see the Appendix of [43] .
Our inverse problem is now that assuming
is known for all γ x,y,λ,ω ∈ M O , we would like to recover f from If up to some gauge. Originally f is defined on M, we can extend f by zero to M so that the integral is actually defined on a finite interval.
Following the approach of [43, 42] , let χ be a smooth non-negative even function on R with compact support. Given a function v defined on M O , or more specifically {(x, y, λ, ω) : λ/x ∈ supp χ}, we define
where g sc is a scattering metric, locally it can be written as g sc = x −4 dx 2 + x −2 h(x, y), here h is the metric on the level sets of x. Note that the images of J i , i = 0, 1, 2 are functions, one-forms and symmetric 2-tensors on U = {x > 0} respectively.
We denote W :
Comparing with the operators in [43, 42] , we introduce an additional conjugacy W −1 · W in (3) and (4) . The extra conjugacy helps to unify the microlocal properties of the components of A F and B F (as matrix operators) respectively, see Section 3. Such idea also appeared in [24, 46] for weighted X-ray transforms. Obviously
, where U is the trivial bundle. The local basis for the scattering cotangent bundle T * sc U is dx x 2 ,
, and its dual T sc U, the scattering tangent bundle, has the local basis x 2 ∂x, x∂y 1 · · · x∂y n−1 . We will show in the next section that A F , B F are elliptic scattering pseudodifferential opeartors (see [15, 43, 42] for more details) if one enforces some proper gauge conditions.
For the rest of this section, we study the gauge condition that suits the local magnetic ray transform. Let δ be the divergence on one-forms, which is the adjoint of d relative to the scattering metric g sc . Given a function ϕ and a one-form β, define dϕ
and δ F = e F/x δW −1 e −F/x its adjoint with respect to the scattering metric g sc .
while the principal symbol of δ F ∈ Diff 
Since δ F is the adjoint of d F , its symbol is given by the adjoint of that of the latter with respect to g sc , i.e. ξ − iF ι η 0 . where ι η is the contraction with η.
Now let d
s be the symmetric differentiation acting on one-forms, with the adjoint δ s acting on symmetric 2-tensors with respect to g sc . Define
, where E is the Lorentz force. We introduce the operators d
, then similar to Lemma 2.1 we compute their principal symbols:
Here a is a symmetric 2-tensor and b is a 1-form, both independent of F .
Proof. By definition
and by [42,
where a is a suitable symmetric 2-tensor. On the other hand, the principal symbol of
Notice that in the scattering setting, the operator −xE has the form −xE
⊗ x∂ y ), thus there is a non-trivial contribution from the term −E Now we introduce the Witten-type solenoidal gauge condition we will use in the paper in the spirit of [42] . The gauge for the operator A F is
while the gauge for the operator B F is
Ellipticity up to the gauge
It is well known, see e.g. [5] , that the maps
′ . Similar to [43] , we can also use (x, y, |y ′ − y|,
) as the local coordinates on Γ + (suppχ × [0, δ 0 )); and analogously for Γ − (suppχ × (−δ 0 , 0]) the coordinates are (x, y, −|y
). Indeed, this corresponds to the fact that we are using (x, y, λ, ω) with ω ∈ S n−2 , instead of S M, to parameterize curves, when |y ′ − y| is large relative to |x ′ − x|, i.e. in our region of interest. As we want to study the scattering behavior of the operators A F and B F up to the scattering front face x = 0, we instead apply the scattering coordinates (x, y, X, Y ), where
Under the scattering coordinates It was showed in [43, 42] that under the coordinates (5) and the scattering tangent and cotangent bases
and
Notice that unlike the geodesic case, α is no longer a quadratic form. From now on we denote α(x, y, ±x|Y |, ± xX |Y |
, ±Ŷ ) by α ± and
3.1. Ellipticity of A F . According to the definition (3) and the expressions (6), (7), the Schwartz kernel of A F at the scattering front face x = 0, so λ/x = S, is
, where
A ± 00 = 1. When x = 0, α ± is simply α(0, y, 0, 0, ±Ŷ ). Since χ is an even function, it is easy to see that the term in the bracket of K A is even in (X, Y ). In particular, A F is a scattering pseudodifferential operator on U of order (−1, 0), i.e. A F ∈ Ψ −1,0 sc (U), see also [42, Proposition 3.1] . Generally the Schwartz kernel of a scattering pseudodifferential operator has the form x ℓ K with non-zero K smooth in (x, y) down to x = 0. For our case, the zero in the superscript of Ψ −1,0 sc means exactly that ℓ = 0, while the number −1, related to K, has the meaning similar to the order of standard pseudodifferential operators. To show that A F is elliptic up to some gauge, we analyze the behavior of its principal symbol taking values at finite points and fiber infinity of T * sc U, in particular at the scattering front face x = 0. Proof. The analysis of the principal symbol of A F at fiber infinity is quite similar to the standard microlocal analysis of a pseudodifferential operator, i.e. the analysis of the conormal singularity of the standard principal symbol of A F at the diagonal, X = Y = 0, see e.g. [42, Lemma 3.4] .
Under our settings, we need to evaluate the integration of the restriction of the Schwartz kernel K A to the front face along the orthogonal equatorial sphere corresponding to ζ = (ξ, η), i.e. those (S,Ŷ ) with ξS + η ·Ŷ = 0. HereS denotes X/|Y |. Notice that for this case the extra vanishing factor |Y | = 0 in χ and A ij , and the exponential conjugacy (as X = 0) can be dropped. So by the evenness of K A the standard principal symbol of A F is essentially of the following form
Given any non-zero pair [β, ϕ], β = (β 0 , β ′ ), in the kernel of the standard principal symbol of δ F , i.e.
Now to prove the ellipticity of A F , it suffices to show that there is (S,Ŷ ) ∈ ζ ⊥ ∩(R×S n−2 ) such that χ(S) > 0 andSβ 0 +Ŷ · β ′ + ϕ = 0. We prove by contradiction, assume that for any (S,Ŷ ) ∈ ζ ⊥ ∩(R×S n−2 ) with χ(S) > 0,Sβ
On the other hand, we can find generic n−1 elements from the set {(S,Ŷ ) : ξS+η·Ŷ = 0, χ(S) > 0} (notice that here we need the dimension n be at least 3, if n = 2 the set might be empty) withSβ 0 +Ŷ · β ′ = 0, by linear algebra, this implies that β = 0 (since ξβ 0 + η · β ′ = 0), which is a contradiction. This completes the proof. Proof. In order to find a suitable χ to make A F elliptic acting on the kernel of σ sc (δ F ), we follow the strategy of [43] , namely we first do the calculation for a Gaussian function χ(s) = e −s 2 /(2F −1 α) with F > 0. Here χ does not have compact support, thus an approximation argument will be necessary at the end. The calculation of the Fourier transform of K A is similar to [43, Lemma 4.1] and [42, Lemma 3.5], for the sake of completeness, following we give the main steps.
Denoting F −1 α ± by µ ± , the X-Fourier transform of K A , F X K A (0, y, ξ, Y ), with χ chosen as above, is a non-zero multiple of
where D ν is the differentiation with respect to the variable ofχ, i.e. −(ξ + iF )|Y |. Taking the derivatives, by polar coordinates the Y -Fourier transform takes the form
Since the integrand is invariant under the changes from |Y | to −|Y |,Ŷ to −Ŷ (thanks to the evenness from K A ), we have that the integral above equals
which gives a constant multiple of
where
,
Therefore, the scattering principal symbol of A F , σ sc (A F ), is a non-zero multiple of
Given any non-zero pair [β, ϕ], β = (β 0 , β ′ ), in the kernel of the scattering principal symbol of δ F , i.e. (ξ − iF )β 0 + η · β ′ = 0 by Lemma 2.1,
To prove the ellipticity, it suffices to show that there isŶ such that
Again, we prove by contradiction, assume that for anyŶ ∈ S n−2 ,
implies that ϕ = 0 and −
for allŶ . It is not difficult to see that this implies that β ′ = 0, so β 0 = −(ξ −iF ) −1 η·β ′ = 0 too. Thus we reach a contradiction as [β, ϕ] is a non-zero pair, and this establishes the ellipticity of A F for Gaussian type χ.
Finally we pick a sequence χ n ∈ C ∞ c (R) which converges to the Gaussian in Schwartz functions, then the Fourier transformsχ n converge toχ. One concludes that for some large enough n, if we use χ n to define the operator A F , then its principal symbol is still elliptic as desired.
Combining Lemma 3.1 and 3.2 we get the following ellipticity result
This essentially proves the invertibility of the operator Ie F/x W acting on pairs of functions and one-forms under the gauge condition.
3.2. Ellipticity of B F . The analysis of B F is similar to the case of A F but more complicated. According to the definition (4) and the expressions (6), (7), the Schwartz kernel of B F at the scattering front face x = 0 is , where
Thus B F is a scattering pseudodifferential operator of order (−1, 0) too. Next we show that B F is elliptic up to the gauge δ Proof. Similar to the argument in Lemma 3.1, the standard principal symbol of B F at ζ = (ξ, η) is essentially the following
Here subscripts 1 and 2 ofŶ indicate the position of the factors of a 2-tensor it is acting on. Given a non-zero pair [h, β], h = (h xx , h xy , h yx , h yy ) with h xy = h T yx and β = (β x , β y ),
Now if the integral equals zero, we get that
for all (S,Ŷ ) satisfying ξS + η ·Ŷ = 0, χ(S) > 0. Notice that χ is even, this implies that
for such (S,Ŷ ). Since ξβ x + η · β y = 0, it is shown in the proof of Lemma 3.1 that (β x , β y ) = 0. On the other hand, assumeS = 0, then by the first equality of (9),Ŷ · η = 0 implies that (Ŷ 1 ⊗Ŷ 2 )·h yy = 0 for allŶ ∈ η ⊥ ∩S n−2 (notice that h yy is a symmetric (n−1)×(n−1) matrix). Then to show that h yy = 0, it suffices to verify that (η ⊗ η) · h yy = 0. If η = 0 then it's done, so we assume that η = 0. Since |S| needs to be small to guarantee that χ(S) > 0, we denote η ·Ŷ = −Sξ by ε with |ε| ≪ 1, thenŶ can be decomposed aŝ Y = ε |η| η |η| +Ŷ ⊥ , whereŶ ⊥ is the projection ofŶ in η ⊥ . If ξ = 0, by (8) (η 1 +η 2 )·h yy = 0, so is (η ⊗ η) · h yy . If ξ = 0, by (8) again, we have
Plug above equalities into the first part of (9), then S 2
Notice that for fixedŶ ⊥ and ε = 0,Ŷ = − εη |η| 2 +Ŷ ⊥ will also work for above equation. Thus both sides of (10) 
Above argument means that (Ŷ ⊗Ŷ ) · h yy = 0 for allŶ ∈ S n−2 . Taking into account the symmetricity of h yy , it has to be zero.
Since h yy = 0, by (8) if ξ = 0, we have h xy = 0 and h xx = 0. If ξ = 0, theñ S 2 h xx +S(h xy ·Ŷ 1 +Ŷ 2 · h xy ) = 0, thusSh xx + h xy ·Ŷ +Ŷ · h xy = 0 whenS = 0 small, for anyŶ ∈ η ⊥ ∩ S n−2 . TakeS i = 0 with χ(S i ) > 0, i = 1, 2, then (S 1 −S 2 )h xx = 0 which implies that h xx = 0 and h xy ·Ŷ = 0 for allŶ ∈ η ⊥ ∩ S n−2 . However, since η · h xy = 0, we get h xy = 0. Thus h = (h xx , h xy , h yy ) = 0, i.e. [h, β] = 0, which is a contradiction. This proves the lemma. Proof. If χ is a Gaussian function, i.e. χ(s) = e −s 2 /2F −1 α , by a computation similar to that of Lemma 3.2 we get that the scattering principal symbol of B F is a non-zero multiple of
Given a nonzero pair [h, β] in the kernel of the scattering principal symbol of δ s F , by Lemma 2.2,
If the lemma is not true, then for any N > 0, there is F > N such that above integral vanishes for some nonzero [h, β] in the kernel of σ sc (δ s F ), we get that θ 2 h xx + 2θ 1Ŷ · h xy + (Ŷ ⊗Ŷ ) · h yy + θ 1 β x +Ŷ · β y = 0 for allŶ ∈ S n−2 . Note that θ 1 (−Ŷ ) = −θ 1 (Ŷ ). On the other hand, by (2) it is not difficult to see that for magnetic geodesics α(
with α + a positive definite quadratic form (similar to the geodesic case) and α − a 1-form (related to E). Thus
for allŶ . In other words, there exist
) and nonzero, such that (13) holds for each pair ( (12) and the second equation of (13),
, which is a contradiction. Thus we can assume that β n k y has unit norm for all n k (notice that at a fixed point the geometry is trivial). Let F n k → +∞, then by (14) β n k y → 0, which is again a contradiction.
Now we can assume that h k yy = 0 for all k. By (11) and (12), for any k
Plugging above equalities into (13) to get
and (16) 
If there is a subsequence of {β n k y } n k →∞ such that β n k y = 0 for all n k , since h k yy = 0, we may assume that h n k yy has unit norm for all n k . Thus there exists further a subsequence {h
is a finite point, we take the limit of (15) as n
Since h ∞ yy is a symmetric tensor, above equality forces it to be zero. However, since h n k yy has unit norm, the limit h ∞ yy can not be zero, we reach a contradiction. So we can assume that h 
Now we take the limits of (15) and (16) with respect to the subsequence as n k → ∞ to get that
Again this implies that h can not both vanish. This is a contradiction too, thus our assumption for the contradiction argument is not true, i.e. there is some F 0 > 0 such that the lemma holds for Gaussian like χ. Then we apply an approximation argument to complete the proof.
Remark:
The algebraic argument of the proof of Lemma 3.5 is different from the one of [42] as the magnetic case is more complicated than the geodesic case due to the coupling of tensors of different orders. In particular, α is no longer an even function ofŶ as in the geodesic case, which is the reason why we consider h yy and β y together in the main argument. On the other hand, our idea might work for the tensor tomography problem along general smooth curves, since generally one can decompose α into the even and odd parts with α = α
Similar to Proposition 3.3, we have the following result for B F . 
Proofs of the main local results
Now we rephrase the invertibility results of Section 3 in a gauge free way. This part is similar to [42, Section 4] , the key ingredient is the local invertibility of some Witten-type Dirichlet Laplacian.
4.1. Proof of Theorem 1.1. Note that if the 'solenoidal Witten Laplacian' ∆ F = δ F d F is invertible with the Dirichlet boundary condition, we can decompose
Notice that δ F (S F f F ) = 0, by Proposition 3.3 in O, S F f F or equivalently e F/x W S F f F = f − dp can be stably determined by If = I(e F/x W S F f F ), see [42, Theorem 4.15] , also [43, Sect. 3.7] for the function case. Generally the stability estimate by ellipticity has an error term, however for the local problem the error term is relatively small and can be absorbed to produce the full invertibility, see [43, Sect. 2] . This proves Theorem 1.1. So one just needs to show that ∆ F is invertible with the Dirichlet boundary condition, however this is immediate from the argument of [42, Section 4] . Note that by the definition, ∆ F is the same as the Witten Laplacian of functions in [42] 
where ξ = ξ 2 + F 2 . It is easy to check that the first part of the symbol has a lower bound O(ξ 2 + F 2 + |η| 2 ), by taking F large enough, it can absorb the second part of the symbol which is independent of F . Thus ∆ s F is elliptic for large F . Moreover, let ∇ F = e −F/x ∇e F/x with ∇ being the gradient with respect to the scattering metric g sc ,
So the principal symbol of (∇ s F ) * , the adjoint under the scattering metric g sc , is
On the other hand, applying Lemma 2.1 again, we get the principal symbol of 
Proof of the global result
We prove the part (a) of Theorem 1.3 based on the local result Theorem 1.1 in this section, part (b) follows in a similar way by applying Theorem 1.2. A similar argument for the geodesic ray transform can be found in [24] . We first prove the following weaker version of Theorem 1.3 up to a set of empty interior. We define Σ t := τ −1 (t), M t := M \ {τ ≤ t} and Ω t := ∂M \ {τ ≤ t}. 
, such that v| Ωt = 0, and f = dv in M t }.
We claim that σ ≤ a and we will argue by contradiction. First we show that σ < b. It is not difficult to see that Σ b is a compact subset of ∂M (in fact, if Σ b contains interior points, {τ ≤ b} can not cover M). Since ∂M is strictly magnetic convex, by Theorem 1.1, for each p ∈ Σ b , there is a neighborhood O p ⊂ M of
Indeed the infimum in the definition of σ is a minimum. Let {t j } ∞ j=1 ⊂ (σ, b] be a strictly decreasing sequence with t j → σ as j → ∞. For each j, there is v j satisfying f = dv j in M t j and v j | Ωt j = 0. Since Σ t ∩ M int is strictly magnetic convex for any t > a, one can easily show that given arbitrary k > 0, v k = v ℓ on M t k for any ℓ > k. This implies that the set {v j } defines a smooth function v σ in M σ with v σ | Mt j \Mt j−1 = v j , f = dv σ in M σ and v σ | Ωσ = 0, i.e. σ is a minimum.
Assume that σ > a and consider the level set Σ σ . There exists v σ ∈ C ∞ (M σ ) with v σ | Ωσ = 0 such that f = dv σ in M σ . We first extend v σ a little bit near the boundary. Notice that ∂M is strictly magnetic convex and Σ σ ∩ ∂M is compact, by Theorem 1. In particular, the constant c (which is related to the definition of the neighborhood for the local theorem) is uniform for p ∈ Σ t close to K when t is sufficiently close to σ, e.g. |σ − t| ≪ c. Thus we pick σ ′ > σ with σ ′ − σ ≪ c, then there exists an open neighborhood V ′ of Σ σ ′ \ O (compact) in {τ ≤ σ ′ } ∩ M int such that the local invertibility holds in V ′ and ({σ ′ − c ≤ τ ≤ σ ′ } \ O) ⊂ V ′ . Obviously σ ′ − c < σ. Now let φ be a smooth cut-off function on M, which satisfies φ ≡ 1 near M σ ′ , suppφ ⊂ M σ , so φu is well-defined on M. We denotef = f − d(φu), which is supported in {τ < σ ′ }, by assumption If = 0. So we apply Theorem 1.1 again to conclude that there is a smooth functionṽ defined in V ′ , such thatf = dṽ in V ′ andṽ| V ′ ∩Σ σ ′ = 0. Moreover, on the overlap V ′ ∩ M σ , since (1 − φ)u =ṽ = 0 on V ′ ∩ Σ σ ′ , one easily obtains that (1 − φ)u =ṽ on the overlap too. Therefore, we get a smooth function w on U ∪ V ′ with f = dw there and w| ∂M ∩U = 0. In particular, this implies that σ ≤ σ ′ − c < σ, which is a contradiction. Thus σ ≤ a and the lemma is proved.
Proof of Theorem 1.3 . Note that the foliation condition implies that M a is non-trapping. On the other hand, since {τ ≤ a} is non-trapping too, M = M a ∪ {τ ≤ a} is nontrapping. As ∂M is strictly magnetic convex, by an argument similar to [20, Proposition 5.2] , which is for the geodesic case, there exists u ∈ C ∞ (SM) satisfying the following transport equation (17) G µ u = −f, u| ∂SM = 0.
Thus by Lemma 5.1 (18) G µ (u + v) = 0 in M a , u + v| ∂SM Ωa = 0, where ∂SM Ωa := {(z, ξ) ∈ ∂SM : z ∈ Ω a }.
Since Σ t ∩ M int is strictly magnetic convex for t ∈ (a, b], given arbitrary (z, ξ) ∈ SM a , we can find a magnetic geodesic segment γ : [0, T ] → M connecting z with Ω a , which is completely contained in M a , such that (z, ξ) is either (γ(0),γ(0)) or (γ(T ),γ(T )). Together with (18) , this implies that u + v = 0 in SM a , i.e. u = −v is a smooth function on M a . However, as u ∈ C ∞ (SM) and the set {τ ≤ a} has empty interior, we conclude that u ∈ C ∞ (M). To show this, we take use of the spherical harmonics expansion of u through the vertical Laplacian
where each u k ∈ C ∞ (SM) satisfies v ∆u k = k(k + n − 2)u k (n = dim M). Note that this is an orthogonal decomposition of u under the L 2 inner product, see e.g. [23] for more details. In particular, if u ∈ C ∞ (M), then u k ≡ 0 for all k > 0. Since u = −v on M a , we get that u k = 0 on SM a for any k > 0. Now given any (z, v) ∈ S(M \ M a ), since M \ M a has empty interior, we can find a sequence {(z j , v j )} ∞ j=1 ⊂ SM a such that (z j , v j ) → (z, v) as j → ∞. Since u k (z j , v j ) = 0 for any j and k > 0, u k (z, v) = 0 too for any k > 0. Thus u = u 0 on SM, i.e. u ∈ C ∞ (M). By (17) , f = G µ (−u) = d(−u) on M with u| ∂M = 0, which completes the proof.
Remark: It is possible to allow the existence of some type of trapped geodesics in the set {τ ≤ a} under additional assumptions, which will still produce a smooth global solution to the transport equation (17), see e.g. [8, Proposition 5.5] .
